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Abstract. We give three characterizations of the Dirichlet-type spaces Dip). 
First we characterize D(jj) in terms of a double integral and in terms of the mean 
oscillation in the Bergman metric, none of them involve the use of derivatives. 
Next, we obtain another characterization for D(fi) in terms of higher order deriva- 
tives. Also, a decomposition theorem for D(ji) is established. 
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1. Introduction 

en ; 

Let D be the unit disk and //(D) be the analytic function on D. Given a positive 
J> ■ Borel measure fj. defined on the boundary of the unit disc 3D denote by P M the 
positive harmonic function defined on the unit disc D as 



X 



The Dirichlet type space D(ji) is defined as the space of all analytic functions 
on D such that 



r 

J I: 



\f'(z)\%(z)dA(z) < oo. 



It was shown in [ 15] that the space D(fi) is contained as a set in the Hardy space H 2 , 
consequently a norm on D(fi) can be defined as 



Ifeoa := \\f\\% + If'CzfP^dAiz). 
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If n = 0, then define Dip) = H 2 . Notice that if dpi - dm is the arc-length Lebesgue 
measure on 3D, then the Dirichlet-type space D(m) coincides with the classical 
Dirichlet space T>. 

Dirichlet-type spaces were introduced by Richter in |[T5l when investigating 
analytic two-isometries. These spaces have been studied ever since by several au- 
thors, see for example 0, 0, 0, 0, 0, 0, (BJ, EH, ED and E3- 

The aim of this article is to give characterizations of the spaces Dip). We 
give a characterization of the spaces D(fj) which avoids the use of derivatives and 
a characterization in terms of the mean oscillation in the Bergman metric. We also 
give a characterization that makes use of high-order derivatives. Finally, as the main 
result of this paper, we establish an atomic decomposition theorem for Dip). 

Derivative-free and higher-order derivatives characterizations of function spaces 
have received attention in the last years. In [2 1 this problem is studied in the setting 
of Besov spaces in order to characterize the boundedness of certain type of Hankel 
operators. In ll27l and [28 1 the problem is studied for Q p spaces. The problem of 
finding an atomic decomposition for a given function space has been extensively 
studied. For example, it has been established in the case of Bloch spaces, Dirichlet 
space, BMOA, VMOA and Q p spaces. We refer to iTTTl. [fTSl, ||T91 ll26l and the 
references therein. 

The article is distributed as follows. In the following section we give some 
preliminary notions. In Section 3, we show two derivative-free characterizations of 
D(fj) whereas in Section 4 we give a further characterization based on higher-order 
derivatives. The decomposition theorem of D(fj) is shown in Section 5. 



2. Notations 

For a positive finite Borel measure // on 3D, we consider the family of functions 

f r 2 (l - |z| 2 ) 
P»<d= -T? irdrtO, z 6 D, re (0,1). (2.1) 

It is well-known (EH) that P^iz) is a subharmonic function and 

lim P^Xz) = P^z). (2.2) 

Following [ 16 1, we define the local Dirichlet integral of / at A e 3D as 



i r 2n \ 

2n J I 



- | /( e ")-/W l 2 ,, 

Ai(/) = =- z — ; — dt. 

2ti ./,, I e" -A I 



If jj is a positive finite Borel measure on 3D, we have a representation of the norm 
of / e D(fj) as a consequence of the following formula showed in [16 Proposition 

2.2] 



f D ( (f)du(0= [ ' \f{z)\ 2 P,{z)dA{z). 



Kit 

Give a finite and positive Borel measure v on D, we say that v is a /i-Carleson 
measure if there exists a constant C independent of / such that for all / e D(fi) (0 
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and0) 

" \f(z)\ 2 dv(z) < C\\f\\ 2 DW . 

Throughout the article, we will denote by C a positive constant that may differ 
from line to line. The notation F < G means that there exists a constant C > such 
that F < CG and C is independent of the functions and variables in the inequality. 
The notation F ~ G indicates that F < G and also G < F. 

3. A double integral characterization of Dip) spaces 

In this section, we characterize the Dirichlet-type spaces D{p) in terms of a double 
integral. Also, we give a characterization of Dip) in terms of the mean oscillation in 
the Bergman metric. Similar characterizations in other spaces have been studied in 

0, ill and m. 

Let d(z, w) denote the Bergman metric between two points in z, w e D: 

1 - \<Pz(w)\ 

z — w 
where <p z (w) - — . For z e D and R > 0, we denote by B(z,R) — {w e D : 

1 - zw 
d(z, w) < R] the Bergman ball at z with radius R and by \B(z, R)\ the area of B(z, R). 

If R > is fixed, then it is well-known that \B(z, R)\ is comparable to (1 - |z| 2 ) 2 as 

|z| — > 1~ (see, for example, Section 4.2 of [31 1). Given a function / e L 2 (D, dA), we 

define the mean oscillation of / as 

MOf(z) = ( f 1/ o <p z (w) - f(z)\ 2 dA(w) 



For < r < 1 fixed, let 



[z, r)\ J B(V) 



\B{z, r)\ J Bfcr) 

denote the average of / over the Bergman ball B(z, r). The mean oscillation of / at 
z in the Bergman metric is defined by 

M0 '/^ = (n^^ f l/(vf)-/,(z)| 2 ^A(w) 
\\B(z,r)\ J Btar) 

It is easy to check that for z e D we have 

(MO r f(z)f = |7H(Z) - l/r(z)| 2 

= ^7^2 f f l/(")-/(v)| 2 <M(«)<M(v). 

|B(Z, Or Jflfcr) JiJfcr) 

In order to show our first result, two lemmas are needed. A proof of the fol- 
lowing lemma can be found in [13, Lemma 3.5] (see also [30, Lemma 1]). 

Lemma 3.1. Suppose that 77, £, z £ D. Let s > — 1, r, t > ant/ f < s + 2 < r. Then 

(i-W 2 ) J ^ w c 



f a-tor)' ,,„ w 

Iii-^|i-^" A(7/) " 



d-izi 2 r- 2 ii-fzi f " 
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Lemma 3.2. Let s > -2 and p > s + 3. Then 

(i - M 2 y- ! - 2 (i - ki 2 ) 



X 

J'U 



|1 -wz\p 
Proof. We first show that 

(i - M 2 y- s - 2 (i - \z\ 2 y 



I 

Jd 



Jd |1 - wz| p 

From Lemma 3.1 and Fubini's theorem, we have 

(1 _ \ w \2y-s- 2 (1 _ | Z |2 } 



PJz)dA(z) < CPJw). 



PAz)dA(z) < CPAw). 



_ P Mr (z)dA(z) 

o \l-wz\ p 

r (i - \w\ 2 y- s - 2 a - \z\ 2 y r ^o-^ 2 ) 

tj r-fi -7 ^-dpiOdAiz) 

Jd |1-wzP J aD |£-rz| 2 



\( ~ rz\ 
r 2 (l - M 2 ) 

1 3D 

Letting r — » 1" and using Fatou's Lemma, we get 

(1 - M 2 y-'- 2 (i - ki 2 ) s 






r 



|l-vvz|" "" 

(1 _ | w py-2(l _ ^y 



^(z)dA(z) 
Um^!-^, (z)^(z) 



< lim Ml _ I ',; ,J„ ^,.(z)<M(z) 



|1 -wzp 

(i-H V-'- 2 (i -,j : ) 

|1 - wz\ p 
^ Clim r -»i-^(w) = CP^(w). 
This finishes the proof. □ 

We are ready to establish one of the main theorems of this section. 

Theorem 3.3. Suppose cr, r > — 1. Then f e D(p) if and only if 

r f i/(z)-/(w)i 2 n/w , , . ,. , . 

Jd Jd I 1 zw| 

Proof. Suppose first that cr + r, We may assume that cr > r. Then if z, w e D, we 
have(H9lp.l09]) 

(1 - M 2 rq - ki 2 r < (i - M 2 ra - ki 2 ) T 

|l-zw| 4+2tr " |l-zw| 4 +^+ T 

< (1 - |w| 2 ) T (l - |z| 2 ) T 

|1-2 W |2t+4 

Consequently, the case cr + r can be obtained from the case cr - r. 

In what follows, we may assume that cr — t. It is well-known ([32, Theorem 
4.27]) that for any F e H(D) 



j 

Jd 



|F(w) - F(0)| 2 «M^(w) * I \F'{w)\\l-\w\ 2 ) 2 AAw). (3.1) 

D 
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From Lemma 3.2 and equation (3.1), we get 

'' r \f(z) - f (w)\ 2 
Jd Jo II -zw 



7 (/) " I I ,, - , 4+ C P„(z)dA a {z)dA l Aw) 



\f(<Pz(w)) - f(<p z (0))\ 2 dAAw) n ^Sr^: dA(z) 

(l - |z| 2 ) 2+<r 

f f l(/(%(w)))'| 2 (l - \w\ 2 ) 2 dAJw) P ^l 2+a dA a {z) 



,, 2 d -M 2 r +2 (i- ki 2 ) 

oJo" (W)l \l-zw\^ 



l/'(w)| 2 - ,; = ,., |4+7 , T ^A(w)^(z)^A(z) 



< C |/'(w)| 2 /V(w)<M(w). (3.2) 

Jd 

Conversely, for any / e //(D), we may apply the following estimates (cf. 
Charpter4]) 

f/_\|2 ^ C f i^'/...m2. 



1/^)1 ^ ,1 .-,2^2^ I if WrWw). 



(i - kl 2 ) 

Since 

(l - M 2 ) 2 1 



r i/'( 



|l_ Z Vi;|4 + <r (1 _ |2p)2+^ 

Using the estimate of 1(f) in (3.2) yields 

,|2 



w e B(z, r). 



1(f) > f f l/(w) / J"l faA^vtOP^A^z) 

* Lt^w^ Lj f{w)m ^ w)p " {z)dm 

> f |/'(z)| 2 P„(z)dA(z). 



Now, we give a characterization of D(ji) in terms of the mean oscillation in the 
Bergman metric. 

Theorem 3.4. Let f e A 2 ant/ <fr(z) = dA(z)/(l - |z| 2 ) 2 on D. Then the following 
statements are equivalent: 

(i) / e D(n); 
(ii) 



(iii) 



f (MO/(z)) 2 ^(z)dT(z) < oo; 

Jd 

f (MO f /(z)) 2 P /i (z)Jr(z) < oo, 

Jd 



where r is any fixed positive radius. 
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Proof. (i) => (ii). F or / e A 2 , from [31, Section 7.1], we have 

2n(MOf(z)) 2 = f \f(w) - /(z)| 2 ( |~ kl) 4 A4(w). 
Jd 1-zw 4 



f f ' /( |? /( !I )I P li iz)dA{z)dA{w) * f ' (MOf(z)) 2 P,(z)dr(z). 

JdJd |1-zw| 4 h Jd 



Thus, 



and the proof follows form Theorem 13. 3 1 

(ii) => (Hi). The proof follows from the fact that ([31 Theorem 7.1.6]) 

MO r f(z) < MOf(z). 

(Hi) ^> (/). Since (see [129, p.35] or [27, p.292]) 

(1 - kl 2 )l/'(z)l < MOJ(z\ 
then 

" \f'(z)\ 2 P,(z)dA(z) = f(l - \z\ 2 ) 2 \f'(z)\ 2 P,(z)dr(z) 



Jd 

< r (Mo r f(z)fdT(z). 

Jd 
This finishes the proof. □ 

4. Higher order derivatives characterization of £>(//) spaces 

In this section, we show a further characterization of D(p) spaces. This time in terms 
of higher order derivatives. For this, we will need to show the boundedness of certain 
integral operator by making use of Schur's test. We include it here for the sake of 
completeness. 

Let (X,p) be a measure space. For / e L p (dp), we define the integral operator 

!-/(*)= f H(x,y)f(yW(y), 

Jx 

where H is a nonnegative and measurable function onlxl. 

Lemma 4.1. ([31, Corollary 3.2.3]) Assume p is a cr-finte measure. If there exists a 
positive and measurable function h on X and a positive constant C > such that 

| H(x,y)h(y)dp(y) < Ch(x) 
Jx 

for almost all x e X and 

H(x,y)h(x)dp(x) < Ch(y) 



X- 



Jx 

for almost all y e X, then the integral operator T is bounded on L 2 (X, dp). Further- 
more, the norm ofT on L 2 (X, dp) does not exceed the constant C. 
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Lemma 4.2. f [31, Lemma 4.2.2]) Suppose t > — 1. If s > 0, then there exists a 
constant C such that 

dA(w) < — 

|l-zvv| 2+ ' ?+( (i-kl 2 > s 

for all z eD. If s < 0, then there exists a constant C such that 

(1 - |w| 2 )' 



X 

J'O 



-dA(w) < C 



|l_ Z Vv|2«+r 

for all zeD. 

Given p a finite Borel positive measure on 3D, define the measure v on D as 

dv(z) = P t fy)dA0O 
and the integral operator 

Tf(z)= f H(z,w)f(w)dv(z), feL\dv\ (4.1) 



where 

„, , (i - ki 2 )"d - iwi 2 r 

H(z w) — 

|l-zw| 2+ » +ff P /J (w) 
is a positive integral kernel and a is a sufficiently large constant. 
Also, consider integral operator S defined as 

5/(z)= f L(z,w)f(w)dv(w), feL 2 (dv), (4.2) 

Jo 

where 

(1 - M 2 )" 

L{ z ,w) = — P-^ . (4.3) 

|l-zw| 2+ «P^(w) 

Again, a is a sufficiently large constant. 

Our goal in this section is to show that the operators T and S are bounded on 

L 2 (D, dv). As a consequence, we will give the announced characterization of D(p) 

in terms of higher order derivatives. 

Theorem 4.3. The operator T defined in ( 14. Il l is bounded on L 2 (D, dv)for a suffi- 
ciently large. 

Proof Fix constants <x and a such that 

cr < n, a>cr+\, a + cr > — 1. 
We will apply Lemma 4. 1 for the test function 

h(z) = (1 - |z| 2 r, z e D. 



Since a + cr > -1 and n - cr > 0, we may apply Lemma I4T2I to conclude that there 
exists a constant C > 0, such that 

/"" (1 — lwl 2 ) a+cr 
H(z,w)h(w)dv(w) = (l-k| 2 )" ,,L,' w — ^ A (w) 

< Ch(z) 
for all z e D. 
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Next, for any w e D, applying Lemma 13721 we get 

< C7z(w). 



And as a consequence of Lemma ffTI the proof of the theorem is now complete. □ 

Theorem 4.4. The operator S defined in (14.21 ) is bounded on L 2 (B, dvjfor a suffi- 
ciently large. 

Proof. For < e < 1 and a > — e + 1, we consider the function 

A( Z ) = (1 - \z\ 2 y\ zeD. 

Again, we will apply Lemma l4~T1 to show the boundedness of S on L 2 (D, ofv). 
First, for any z e D , from Lemma l4~2l we have 

f B U z ,wMw)dv(w) = X ll-^-^ dA(W) 

< C7i(z). 
Next, for any w e D, using Lemma [X2l again. we obtain 



Z,(z,w)/z(z)dv(z) = — — — — 

Jd "«(w) Jd 



(i - iwi 2 )- e f (i -rfro-tfr^fe) 

|1 -zw| 2+ff 



/A ,„, , ,, ...,. T „ 

< C/i(w). 



f 



Hence, the boundedness of 5 on L 2 (B, c/v) follows. □ 

Theorem 4.5. Let n be any nonnegative integer. Then f e D(jf) if and only if 

|/ (n+I) (z)| 2 (l - \z\ 2 ) 2 "P,(z)dA(z) < oo. (4.4) 

in 

Proof Suppose that / e D(fS), then it has the following integral representation: 

f f'(w)(l - \w\ 2 ) a 

f® = (« + D n -IL dA ^> z 6 D, o> 1. 

J D (l-zw) 2+a 

Differentiating under the integral sign n times and multiplying the result by ( 1 -|z| 2 )", 
we have 

where C is a positive constant depending only on a and «. In particular, 

(1 - kl 2 )"|/ ( " +1) (z)| <C f //(z,vv)|/»|Jv(w). 

Jd 

From Theorem l4.3l we obtain 

( 1 - kl 2 ) 2 "l/ ( " +1) (z)| 2 ^v(z) <C f \f'(z)\ 2 dv(z). 
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Conversely, integrating «-times both sides of the following representation (see, 
for example, |[T2l Corollary 1.5] or [28. Corollary 8] ), 

f{n+l) , , , , , r / (M+1, (w)(i - iwi 2 )«(i - \ w \ 2 rdA(w) 

p '(z) - (n + a + 1) 



m (l-zw) 2+n+a 

we get 

f /ifc w)/ ( " +1) (w)(l - |w| 2 )"(l - |w| 2 )^A(w) 
/(Z) "Jd (1-zvv)2- 

where /z(z, w) is a bounded function in z and w. In particular, we have 

\f'(z)\ < C f L(z,w)|/ ( " +1) (w)|(l - |w| 2 )Vv(vv) 

Jd 

and from Theoreml4.4l we obtain 



|/'(z)| 2 rfv(z) <cf |/ ( " +1) (z)| 2 (l - \z\ 2 ) 2n dv(z) 

Jd 



and the result follows. 



5. Decomposition theorem for D(p.) spaces 

In this section, as a main result of the article, we show a decomposition theorem for 
Dirichlet-type spaces D(fi). Decomposition theorems in different function spaces 
such as Bergman spaces, Bloch spaces, Dirichlet spaces, BMOA space and Q p 
spaces have been established and proved its usefulness in several articles. See, for 
example, ifTTl. Ifl6l. Ifl9l and l26l. 

We will say that a sequence of points {Zjl^j e D is rj-separated, if there exists 
77 > such that 

inf d(zj,Zk) >rj. 

On the other hand, we will say that {zj} 00 ^ is rj-dense if 

00 
D = ]jB(zj,T}). 

7=1 

The following two lemmas are standard and their proofs can be found in [32, 
Lemmas 4. 10 and 4.7]. 

Lemma 5.1. For any r\ e (0, 1), there is a ^-separated and rj-dense sequence 
{Zj}°° = [ C D and Lebesgue measurable sets Dj (j=l,2,- ■ ■ ) such that: 

(1) Bizj/^cDjCBizj,?]); 

(2) Di n Dj = 0, ifi * j; 

(3) D = U7 =1 Dj. 

Lemma 5.2. For any 77 e (0, 1) and N € N, there is an ^-separated and rj-dense 
sequence [ZjY^L] c D such that any z 6 D lies in at most N of the sets B(zj,2rj) 

We will also need the following three lemmas which can be found in IfTTl or 

m. 
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Lemma 5.3. If zq £ D and r\ < 1, there exists a constant C > 0, independent ofrj 
and Zo, such that 

K(z) - k w (zo)\ < Ci]\k w (z)\, 
for all w € D and z £ B(zo, if), where 

Lemma 5.4. Let < r\ < j and {Zj}"Lq be an rj-separated. There exists a constant 
C > such that for any f e //(D) and for all j — 1 , 2, • • • . 

f l/(z) - f(zj)\dA(z) < Cr? f \f(z)\dA(z) 

Lemma 5.5. Let < 77 < 1 and {Zj}^ be an T]-separated. There exists a positive 
integer No — 0\if 2 \ such that each point o/D lies in at most No of the discs in 
{B(zj, \)}°° =v Furthermore, ifb>0 and f is analytic on D, then 



CO „ 

j=\ JB W4 



\f(z)\\\ - \z\ 2 ) h - l dA{z) < No | \f(z)\ 2 (l - \:\ 2 )"- x dA(z). 



Lemma 5.6. Let p be a positive finite Borel measure on 3D. For ij e (0, 1), let 
{z 7 }°lj C D be an rj-separated sequence. If z € B(zj,if), j — 1,2, • ■ • , then there 
exist two positive constants C\ and C2 such that 

CxP^izj) < P^z) < C 2 P ll {z j \ j = 1,2, • • • . 

Proof. Let z e B(zj, if),j- 1 , 2 ■ • ■ and r e (0, 1). It is easy to check that there exists 
a constant C > 0, independent of the sequence {zj}°° =1 and 77 such that 

\l - rlz\ < C\l - rlzjl feflD. 

Also, by Lemma 4.3.4 in [31 1, there is a constant C > independent of {zj} ?! and 
77 such that, for z e B(zj, rf) 

1 - \zj\ 2 < C(l - \z\ 2 ). 

Therefore, 

r 2 (l-k>| 2 ) ^ c r\\-\z\ 2 ) 
\\-rlzj\ 2 ~ W-rlz\ 2 ^ 
Integrating on ffQ with respect to p and letting r — > 1~, we have 

P^Zj) < CP^z). 

The other inequality follows in a similar way. □ 

Lemma 5.7. Let f e D(p) and {zj}°° =1 be an r\-separated, < r\ < 1. Then 

00 p 

Yd - \Zj\) 2 \f'(Zj)\ 2 P,(Zj) < C \f'(z)\ 2 P,(z)dA(z) 
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Proof. For any / 6 //(D), we have (see [32, Proposition 4. 13]) 

l/'(^)| 2 ^ ^7^ f \f'(w)\ 2 dA{w). 
\B(zj, 7)| Jfl^) 

Note that |B(zy, 7)1 = (1 - k;| 2 ) 2 , from Lemma 5.6, we obtain 

CO CO ~ 

^(l-|Zyl) 2 |/'(Zj)| 2 ^fe) < C^ | |/'(W)| 2 P^(W)^A(W) 

< c r i/'( W )i 2 p^ W )dA( W ) 

Jd 

D 

Now we are ready to prove the main theorem. 

Theorem 5.8 (Decomposition Theorem). Let /i be a nonnegative Borel measure 
on <9D and b > 2. Then, there exists do > such that for any d-separated {ZjYjL-< in 
D (0 < d < do), we have, 
(i) Iff G D(jj), then there exists a sequence {Aj}°!'_ i c C such that 

f(z) = /(0) + £ W ~ \lj\ 2 ) b [jfZfjtf - i) ( 5 -D 



£ i^i 2 ^^) < en/11 2 



ami 

CO 

(ii) If a sequence {Xj}°°_^ c C satisfies that Yi°L\ \Xj\ 2 Pti(z)^z is a fi-Carleson mea- 
sure, then the series defined in (5.1) converges in D(jj) and 



ll/H7V)<c£|a//V( Z ;). 
7=1 

Proof For part (i), recall that an equivalent norm for the Dirichlet type spaces Dip) 
is given by (see, for example, [5, Lemma 2.3]) 

11/llL) * l/(0)l 2 + f \f'{z)\ 2 P,{z)dA{z). 

Ja 

If we define the space Do(p) := {/ e /J(/i) : /(0) = 0} with the norm 

ll/lk M =( f l/'(z)| 2 ^(z)dA(z))', 

Jd 

then / - /(0) 6 Doijj) for / e /)(//). Moreover, the space /)(//) can be written as 

Din) =A)Gu)eG 

For fo > 2, assume that / e D (//). Then f e H 2 and /' e A 2 c A 2 _ p the 
weighted Bergman spaces. By the reproducing formula of the Bergman space, we 
have 

, v , b f (1 - M 2 )*- 1 



12 Xiaosong Liu, Gerardo R. Chacon 1 and Zengjian Lou* 

Since \Zj}°° =l is ^-separated and 77-dense, then there exists a disjoint partition {Dj)°? l 

ofD 

Now define the linear operator A on Dq(ji) by 



2->2>-l 



Mf)(z) = -Y.f(zj)\Dj\ K ' J _ 



7=1 

We will show first that 

ll/-A(/)lk w <C/,||/|| DoW . (5.2) 

Notice that 

h °° r 
\f'{z)-A(f)'(z)\ < -V |/'(w)||^(w)-^( Z ;)|dA( W ) 

*" >i Jz5 ' 





+ - 
n ■ 


X [/'(w)-/'(z,)lfe(z^|dA 


(w) 






= 7l + 


/ 2 - 






From Lemma 1531 we get 










/i 


<C77 f I 


/'( W )|fe(w)|dA(w). 






From [26, p. 394], we have 










h 


<Ct, f | 

Jd 


/'( W )|fe(w)|A4( W ). 






Using Theoreml4.4lvields 










f\f'(z)-A(fy(z)\ 2 P,(z)dA(z) < 

Jd 


Ci/ f f fe(w)||/'(w)|<M(w) 

Jd ' Jd 


|2 

in 


,(z)<M(z) 




< 


Ct? f |/'(z)| 2 ^(z)^A(z). 

Jd 







Thus, inequality (5.2) holds. 

Now, define the operator J[ : D(jj) — » £>o(y") as 

If. (1 - Izr-I 2 )*- 1 / 1 \ 

w - mm := - g rww-^L— (^-^ - 1) . 

In other words, J?[ is the operator A followed by the projection into the space 
DoQx). 

Consider the operator B : D(p) -» D(p) defined as 

'-ill 
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Then, using inequality (5.2), we get 

W(I-B)f\\l w = ll/-^(/-/(0))-/(0)|g, w 



= 11/ - Mf - /(0)) - A(f - /(0))(0) - f(0)\\ 2 DW 

= ll(/-/(0))-A(/-/(0))|£ oM 

< Cijftf ~ f(0)\\DM 

< CrjWfWow, 

where / stands for the identity operator acting on D(fi). Taking rj > small enough, 
we have the invertibility of the operator B. Its bounded inverse is defined by 

IT 1 =(/-(/- B))" 1 = 2(7 -B)». 

We have constructed an approximation operator B with bounded inverse. For any 
/ e Dip), we can write 

f(z) = BB x f{z) 

= ^T 1 (f-f(0))(z) + f(0) 

, oo /l I \2\b—l / i \ 

= - !>-'</ - /<o>» Wl^f— ( ?rr = i? - 1) + /(0) 

where 

*Gtt -1 (/ ? -/(O)))'(z J -)|0jl 



a* 



nzj(l - k/) 
We now to show that 

^/P^ZjXCWfWl^y (53) 

7=1 

By the mean value theorem, we have 

oo °° ID I 2 

2 H/^fe,-) < c £ —-i— writf - f(0)y(zj)\ 2 P,(zj) 

7=1 7=1 U ^ ; 

00 17) i 2 (i — iz I 2 ) -2 r 

^ C Z ' „' \3T\f - f{0))Xz)\ 2 P,{z)dA{z) 

H \B(Zh i)l Jb(z,A) 



\B(Zj,l)\ J B(Zj ^ 
< C f \JT\f - f(0))'(z)\ 2 P,(z)dA(z) 

< \\^-\f-fm\\l a{ll) <c\\f\\ 2 D(py 



Thus (5.3) is proved. 
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Next we show part (ii). Suppose that Yj%\ \Aj\ 2 Pfi{z)d Zj is a //-Carleson mea- 
sure. Then there exists a constant C > such that for every function / e Dip), 

oo 

2lA/l/(z;)l%(Zj)<C||/||2 w . 

j=i 

In particular, if / = 1 , we have that 

00 

2 lA/P^Zj) < C. (5.4) 

7=1 

It is sufficient to show that / e Dip) for / defined as in equation ( 15.11 ). In this 
case, 

(1 - \Zj\ 2 f 



7-1 



(1-Z» fc+1 



Applying the substitution z — fr^r in the following integration, we know that there 
is a positive constant (cf. 1261 ) 

c ^) 2 2b 

such that 






C, (l-z» i+I ' 
Therefore, for b > 2, 



|B^4)IJd(1-zw) 6 

1-1; 

'|fi(z>I)l 



;=1 l"W 4' 



Consequently, if 



r °° i - izi 2 |2 



then by Theorem l4.4 



|/'(z)| 2 ^(z)dA( z ) < C IJ^Ajz-jCj— -Lg-v^jjfe) /yz)dA(z). 

Jd ' r-J l-D(.Z/> 4JI ' 

Hence / € Z)(//). So, it remains to show that the inequality (5.5) holds. 
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Since \B(zj, j)}°f-i is a set of disjoint Bergman discs, then the sequence {Cj}°° =l 
is bounded. Finally, putting Lemmas |5 . 1 1 15 . 21 1331 and (5.4), we have 

rf 2 (i-k/) 2 

Jb j~i \B(Zj, j)\ l 

00 r (i - izi 2 ) 2 

oo 

< C^\Aj\ 2 P,(zj)<C. 

7=1 

This finishes the proof. □ 
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